The atmospheric turbulence is the main factor that influences quantum properties of propagating optical signals and may sufficiently degrade the performance of quantum communication protocols. The probability distribution of transmittance (PDT) for free-space channels is the main characteristics of the atmospheric links. Applying the law of total probability, we derive the PDT by separating the contributions from turbulence-induced beam wandering and beam-spot distortions. As a result, the obtained PDT varies from log-negative Weibull to truncated log-normal distributions depending on the channel characteristics. Moreover, we show that the method allows one to consistently describe beam tracking, a procedure which is typically used in practical long-distance free-space quantum communication. We analyze the security of decoy-state quantum key exchange through the turbulent atmosphere and show that beam tracking does not always improves quantum communication.
I. INTRODUCTION
In conventional optical communication the optical signal is transmitted through optical fibers or free space links over hundreds of kilometers. In the latter case, the channels are mobile, do not require access to the optical-fiber infrastructure, and have the potential to establish global quantum communication via satellites. The recent studies of short-distance intracity [1] [2] [3] [4] [5] [6] , longdistance ground-based [7] [8] [9] [10] [11] [12] [13] , and satellite-mediated [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] quantum links have shown that quantum protocols are feasible even if the quantum signal undergoes large losses. The proper tracking, postselection, preselection, and adaptive strategies [26] [27] [28] [29] [30] [31] [32] could even improve the performance of the free-space channel. Hence, the freespace quantum links are prospective channels for performing quantum key distribution, quantum teleportation, quantum sensing, etc.
The main obstacles for the efficient performance of quantum protocols with free-space quantum channels are atmospheric turbulence, random scattering, and absorption losses. The absorption and scattering effects contribute merely to energy losses and the degradation of the signal intensity. An optical beam that carries a quantum signal also undergoes amplitude and phase fluctuations due to the random distribution of the atmospheric refractive index. The random variation of the refractive index is turbulent in its nature and originates from disordered mixing of air layers with different temperature, pressure, and humidity characteristics [33, 34] . Turbulent air motion represents a set of air blobs and vortices and spans a wide range of scales ranging from extremely large to very small. Since the optical signal interacts along the propagation path with almost the whole set of scales, the precise description of light propagation in turbulence is almost impossible and the free-space channel should be described by statistical means. In this context the probability distribution of atmospheric transmittance (PDT) through the atmospheric channels, which characterizes the optical channel [35, 36] , plays a crucial role.
In typical communication scenarios via quantum atmospheric channels the sender generates a signal and sends it through the atmospheric link. The transmitted signal is then collected and analyzed by the receiver detection module. The connection between sent and received quantum states can be established with the input-output relation for the quantum state [37] 
This relation is written in terms of the GlauberSudarshan quasiprobability distributions [38, 39] P in (α) and P out (α) of the input and output quantum states, respectively. Here P(η) is the PDT for the atmospheric channel and η ∈ [0, 1] is the intensity transmittance. Provided the PDT is known for a specific quantum channel, the analysis of quantum properties of the transmitted state can be performed straightforwardly from Eq. (1). An important fact is that the PDT is a positivesemidefinite function in both quantum and classical theories and can be obtained from purely classical models or experiments. In many practical situations the detection scheme on the receiver site has a telescope or another focusing unit that collects the transmitted signal for further detection. Since the telescope has a finite entrance pupil the transmitted signal arriving on the detector is influenced by the finiteness of the entrance aperture. This action of the receiver aperture is superimposed with the random distortions of the optical signal caused by the turbulent atmosphere and results in a fluctuating transmittance which can be written as
Here I(r, L) is the normalized intensity of a classical beam, L is the beam propagation distance, and A is the area of the receiver aperture, which we assume to be circular with the radius a. In Eq. (2) the transverse spatial coordinate r is chosen in such a way that r=0 coincides with the center of the aperture opening. The transmittance is a randomly varying quantity with values
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η ∈ [0, 1]; its statistical properties for the specific atmospheric quantum channel are given by the corresponding PDT.
Among the most pronounced effects that influence the value of atmospheric transmittance (2) are random deflections of the light beam as a whole by turbulent inhomogeneities (beam wandering), turbulence-induced beam broadening, and deformation. The PDT that accounts for the beam-wandering effect was derived in Ref. [35] and was further extended in Ref. [36] in order to include the effects of beam broadening and deformation into an elliptic form. The elliptic-beam model allows one to obtain a consistent PDT that agrees well with experimental data [6] . It requires elaborate calculations of statistical parameters. The difficulty of this task grows essentially in the regime of moderate turbulence [40] [41] [42] [43] . The given form of the elliptic-beam approximation assumes special statistics for the shape characteristics of the transmitted beam. Although this model shows proper results for relatively short propagation distances, the statistical assumptions should be reconsidered for long-distance channels.
In this paper we introduce an alternative way to overcome this problem. The main idea of this approach consists in the separation of contributions from beam wandering and beam-spot distortions by applying the law of total probability [44] . The resulting PDT describes practically all atmospheric channels with initially Gaussian beams. It depends on the proper knowledge of the classical field-correlation functions of the second and fourth orders. A problem is that calculations of the fieldcorrelation functions require applications of involved numerical methods, which do not work properly in all cases. For this reason, we propose an approximation, which assumes relatively weak contributions from beam wandering. The resulting PDT depends only on four parameters: the first two moments of the transmittance η and η 2 , the beam-wandering variance σ bw , and the short-term radius W ST , of the beam spot. These parameters are related to field-correlation functions of the second and fourth orders. Nevertheless, their determination requires applications of fewer computational resources. Moreover, the separation of the contribution from beam wandering allows one to derive the PDT for the case when the beamtracking procedure is applied.
The paper is organized as follows. In Sec. II we consider two known PDT models corresponding to two limiting cases of vanishing and dominant contribution of beam wandering. In Sec. III we introduce the method for the calculation of the PDT based on the law of total probability. The calculation of the PDT requires the knowledge of the conditional moments of the atmospheric transmittance. In Sec. IV we introduce approximative formulas for these quantities. The developed theory is applied then to the description of atmospheric quantum channels in Sec. V. In Sec. VI we extend the PDT model in order to describe the beam-tracking procedure. In Sec. VII the PDT theory is applied to the security analysis of the two-decoy state quantum protocol. A summary and some conclusions are given in Sec. VIII.
II. PRELIMINARIES A. Field correlation functions
In the framework of classical atmospheric optics, for a complete description of the propagation of optical radiation in the turbulent media it is necessary to know the probability distribution functional of the random radiation field. Since its determination is an extremely complicated problem, the knowledge of the first correlation functions is usually used for the characterization of classical atmospheric optical channels. The second-order field-correlation function
serves as the mean intensity of the radiation scattered in a randomly inhomogeneous medium. It is also used for the determination of the beam spreading caused by atmospheric turbulence and for the characterization of the spatial coherence of the beam. The fourth-order fieldcorrelation function
describes the intensity fluctuations of optical radiation. The correlation function Γ 4 is crucial for the examination of fourth-order statistical quantities such as the scintillation index, the irradiance covariance function, the beamwandering variance, etc. The field-correlation functions Γ 2 and Γ 4 play an important role in the description of atmospheric quantum channels. Using the definition (2), the first two moments of the channel transmittance or, alternatively, the two moments of the PDT, are related to the field-correlation functions as
Using Eqs. (5) and (6), one can also calculate the transmittance variance, (∆η) 2 = η 2 − η 2 , which is an important characteristics of the PDT. The parameter (∆η) 2 / η 2 , on the other hand, is used in classical atmospheric optics to account for the aperture averaging of the scintillation index [33, 45] .
B. Truncated log-normal distribution
The log-normal distribution is widely used in classical and quantum atmospheric optics [33, [46] [47] [48] [49] [50] . However, this distribution was originally applied to the description of the random-beam intensity in a given spatial point, I(0). In the context of the present consideration, this value reads
where η(A) is a function of the aperture area A as given by Eq. (2) . Unlike the efficiency η, the intensity I(0) can attain arbitrary high values. Hence, the log-normal distribution for I(0) ∈ [0, +∞) can be determined consistently. On the other hand, the transmittance η for a finite aperture area A must be restricted to the domain [0, 1]. For this reason, the log-normal distribution for η, in the cases of appropriate propagation scenarios, must be vanishing at the value of η=1. For some cases with long propagation lengths or strong turbulence, the effects of beam-spot distortions significantly dominate the resulting statistics, compared to the effects of beam wandering. In this case, the PDT can be approximated with reasonable accuracy by the truncated log-normal distribution (cf. Ref. [11] for an experiment and Ref. [36] for a theoretical explanation)
where F(1) is the cumulative function of the (nontruncated) log-normal distribution at the point η=1. The parameters µ and σ in Eq. (8) can be approximately expressed through the transmittance moments (5) and (6) as
Here and in the following the approximation sign is used to signify that the exact expressions for the truncated lognormal distribution are replaced with the corresponding expressions for the standard log-normal distribution. In the case when the value P(1; µ, σ) is vanishingly small, the expressions (9) and (10) become almost exact. It is also important that the parameters of the truncated log-normal distribution should be calculated by using Eqs. (5), (6) , (9) , and (10). These equations include the finite size of the aperture. An incorrect usage of these rules and improper truncations may result in unphysical effects such as the fake creation of photons by atmospheric turbulence [48] .
C. Beam wandering distribution
For short propagation distances and weak turbulence, the contribution of beam-wandering effects in the resulting statistics has a dominating character. In this case, the PDT significantly differs from the truncated log-normal distribution and has the form of the log-negative Weibull distribution [35] . This model assumes that the fluctuating losses of the transmitted optical beam originate from the random deflections of the beam centroid on turbulent inhomogeneities. Furthermore, we assume that the beam profile at the aperture plane can be approximated by a Gaussian shape.
The random transverse vector r 0 , which describes the position of the deflected beam centroid relative to the aperture center, is considered to be normally distributed. The corresponding probability distribution is given by
where
is the beam-wandering variance [51] . The beam has the spot width W ST given by
which is the short-term beam broadening [52] . The transmittance of the Gaussian beam deflected by the distance r 0 = |r 0 | from the aperture center can be analytically approximated as
The parameters η 0 , R, and λ (cf. Appendix A) are functions of the aperture radius a and the short-term width W ST . This yields the analytical form of the beamwandering PDT [35] 
for η ∈ [0, η 0 ] and P(η) = 0 otherwise, which is the lognegative Weibull distribution.
III. THEORETICAL MODEL
The truncated log-normal distribution and the beamwandering model are two limiting cases that do not describe all possible situations of light propagation in the turbulent atmosphere. In Ref. [36] , the so-called ellipticbeam model was introduced in order to describe other effects beyond beam wandering. The elliptic-beam model adequately describes the regime of weak-to-moderate turbulence; it shows a behavior similar to the truncated lognormal distribution for the regime of strong turbulence. However, the given form of the elliptic-beam approximation does not work in some important cases, e.g., for long-distance propagation in atmospheric channels. In such cases the first two moments of the transmittance, η and η 2 , obtained from the elliptic-beam model, may significantly differ from those obtained from Eqs. (5) and (6) .
The propagation of laser radiation over long distances in the atmospheric turbulence is followed by a decrease of coherence, wavefront distortion, and fluctuations of beam amplitude and phase. The intensity profile of the transmitted beam has an irregular form and is randomly displaced from the receiver aperture opening due to beam wandering (cf. Fig. 1 ). The fluctuations of the aperture transmittance (2) evidently depend on the instantaneous beam profile and the position of its centroid relative to the aperture center. This observation facilitates the derivation of the PDT for general situations where the transmitted beam profile could have an arbitrary form.
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FIG. 1.
Transmitted beam profile shown relative to the aperture opening of radius a. The beam centroid is displaced relative to the aperture center due to beam wandering and its position is given by r0. The tracking coordinate system (x , y ) is connected with the fluctuating position of the beam centroid.
In the present paper, we propose to derive the PDT based on the idea of splitting the contributions from beam wandering and beam-spot distortion effects. Using the law of total probability [44] , the PDT can be written as
The beam-wandering contribution is described by the distribution ρ(r 0 ), which is given by Eq. (11) and depends on the beam-wandering variance (12) . The effects of beam-spot distortions are incorporated in the conditional probability P (η|r 0 ). This function can be interpreted as the conditional PDT if the beam would be tracked to the position r 0 relative to the aperture center.
In fact, Eq. (16) resembles the method of elliptic-beam approximation [36] . In this case, P (η|r 0 ) is the distribution obtained with the assumption that after passing the atmosphere the beam has the form of a random ellipse under the condition that it is deflected by the distance r 0 from the aperture center. As it has been discussed in Ref. [36] , this function is very well approximated by the truncated log-normal distribution, such that
The parameters of this distribution are expressed through the conditional transmittance moments as
), (18) with the explicit approximate dependence given by Eqs. (9) and (10) . The usage of the truncated log-normal distribution leaves an open question about tiny details of tail behavior for η≈1 (cf. Ref. [36] ).
The parameters µ r0 and σ r0 uniquely define the truncated log-normal distribution (17) . This distribution in turn is used in the law of total probability (16) for obtaining the PDT. In the following we describe the technique of obtaining these parameters from the field-correlation functions of the second and fourth orders Γ 2 and Γ 4 , respectively.
Let us consider the aperture plane and the optical beam impinging on the aperture (see Fig. 1 ). We denote by I (c) (r , L) the intensity of the beam in the coordinates r = (x , y ). The origin of this coordinate system is not fixed and coincides with the fluctuating position of the beam centroid such that I (c) (r , L) can be considered as the perfectly-beam-tracked intensity. This intensity has the obvious connection to the intensity I(r, L) from Eq. (2), which reads
and is obtained with the help of the coordinate transformation r = r − r 0 (cf. Fig. 1 ). Assuming that the beam centroid deflection r 0 is normally distributed according to the probability distribution ρ(r 0 ) [cf. Eq. (11)] and using the correlation function (3), we obtain
is the second-order correlation function of the perfectly-tracked beam. Similarly, from Eq. (4) we derive
where the coordinates, R=(r 1 +r 2 )/ √ 2 and ρ=(r 1 −r 2 )/ √ 2, are used. Equation (20) can be inverted with respect to Γ 
where ∆ r = 
This means that the functions Γ (5) and (6),
where A(r 0 ) denotes the circular aperture opening, its center being displaced relative to the beam centroid position by r 0 . The explicit dependence of the conditional moments (24) and (25) on the displacement parameter can be obtained, provided the field-correlation functions Γ 2 and Γ 4 in Eqs. (22) and (23) are known. These parameters uniquely define the conditional probability distribution P (η|r 0 ), which is used in the law of total probability (16) for obtaining the PDT. In practice this approach requires an application of involved numerical methods. For this reason, we propose a method, which enables one to overcome this problem with fewer computational resources.
IV. APPROXIMATION OF WEAK BEAM WANDERING
For the PDT model considered here, the first two moments of the transmittance η and η 2 exactly agree with the values obtained from Eqs. (5) and (6) . We aim to preserve this important property by developing an approximation method for the calculation of the integrals in Eqs. (24) and (25), which give the conditional moments η r0 and η 2 r0 . As a consequence of the law of total probability (16), the conditional moments are related to the moments of the transmittance η via
where ρ(r 0 ) is given by Eq. (11).
An explicit dependence of the first conditional moment η r0 on r 0 can be obtained from the following physical considerations. Taking into account that the fieldcorrelation functions Γ (c) 2 (r, L) and Γ 2 (r, L) have Gaussian forms to a good approximation [54, 55] 
can be interpreted as the intensity of an effective perfectly tracked Gaussian beam with the beam width given by the short beam-spot width W ST . Consequently, the conditional moment η r0 can be considered as the transmittance through the aperture of this effective beam at the distance r 0 from the aperture center [cf. Eq. (14)]. This yields
where η 0 , R, and λ are expressed by the aperture radius a and the short-term width
For the case of Gaussian Γ 2 (r, L), the η obtained from Eqs. (26) and (5) coincide. If Γ 2 (r, L) significantly deviates from the Gaussian form, the parameter η 0 should be specified as
This equation is derived via substituting Eq. (28) into Eq. (26) and then expressing η 0 explicitly. A similar consideration for the second conditional moment η 2 r0 requires additional assumptions. In order to formulate them, we note that some obvious restrictions should be satisfied: (i) The conditional variance is a nonnegative function (∆η) 
i.e., the probability that the transmittance exceeds the value η under the condition that the beam centroid is displaced from the aperture center by r 0 , obeys the inequality
which means that increasing the beam displacement cannot improve the transmission characteristics. An approximation for the second conditional moment η 2 r0 , which satisfies these requirements, can be obtained by assuming small values of the beam-wandering variance σ 
For
. Consequently, by expanding σ 2 (r 0 ) in a Taylor series with respect to r 0 , we can restrict ourselves to the zeroth-order term only, i.e., we assume that σ 2 sc. (r 0 ) = const. In fact, this means that in the region of such displacements of the tracked beam relative to the aperture only lead to additional deterministic losses.
1
One can provide additional arguments supporting this approximation. First, there is the observation [56, 57] that the aperture-averaged scintillation index is almost independent on the beam area that passes through the aperture in a wide domain of its values. Second, the experiments in Refs. [58, 59 ] demonstrate a weak dependence of the scintillation index on the position of the observation point.
This assumption of weak beam wandering yields
The parameter ζ 2 0 is determined by substituting Eq. (33) into Eq. (27) and reads as
Inserting Eqs. (28) and (33) into (18), we obtain explicit expressions for the parameters of the truncated lognormal distribution (17),
The assumption that the aperture-averaged scintillation index, σ 2 sc. (r 0 ) does not depend on the displacement r 0 yields a constant value of the log-normal parameter σ r0 . The obtained parameters µ r0 and σ r0 uniquely define the conditional PDT P (η|r 0 ) [cf. Eq. (17)] which is used in the law of total probability (16) for determining the PDT of the channel under study. The corresponding step-bystep procedure is summarized in Appendix B.
The obtained PDT describes the discussed variations of the PDT, depending on the channel characteristics, between log-negative Weibull and truncated log-normal distributions in a mathematically correct way. However, some details of the PDT may have significant errors for cases of increasing beam-wandering variance. This result should be considered as an approximation and further improvements of the model may be in order.
1 The scintillation index does not depend on the deterministic (nonfluctuating) losses.
V. APPLICATION TO ATMOSPHERIC CHANNELS
We illustrate the proposed approach for the PDT calculations by considering several atmospheric channels with diverse propagation conditions. For this purpose we choose the short-distance atmospheric links of L= 1, 2, and 3 km length. We calculate the field correlation functions (3) and (4) of the transmitted light by using the phase approximation of the Huygens-Kirchhoff method (cf. [60] and the Supplemental Matherial of Ref. [36] )
2 . In the first order of this approximation one derives for the focused beam
× exp 1 2 j=1,2
where for the Kolmogorov-Obukhov turbulence spectrum [33] the phase structure function reads
Here k is the optical wave number, C 2 n is the turbulence refractive-index structure constant, L is the propagation length, W 0 is the beam-spot width at the transmitter site, and Ω=kW 2 0 /2L is the Fresnel parameter. In general, the calculation of the correlation functions and their moments requires high-accuracy numerical integrations [42, 62, 63] .
The level of optical-beam distortion in the turbulent atmosphere depends on the parameters of the atmosphere, on the optical channel length, and on the wavelength of the optical signal. The (local) strength of turbulence in the atmosphere is determined by the refractive index structure constant C 2 It is noteworthy that the phase approximation does not take into account amplitude fluctuations which mostly contribute in the regime of moderate turbulence [61] . For calculations in this regime, appropriate methods are the extended Huygens-Fresnel method [61] or the photon distribution function approach [42, 43] .
The strength of optical turbulence incorporates besides C 2 n also the propagation length and optical-beam wave number and is usually associated with the Rytov parameter
Depending on the value of the Rytov parameter we distinguish weak (σ The additional extinction losses of 1 dB/km are also included according to [64] .
Let us firstly discuss the case of weak and weakto-moderate optical turbulence and calculate the corresponding PDTs for different propagation lengths and values of the structure constant C 2 n by using the proposed approach. The procedure of numerical evaluation of the PDTs is given in Appendix B. We consider the optical beam, with an initial beam-spot size of W 0 =2 cm at λ=800 nm, transmitted through the turbulence and collected by a circular aperture with radius a=4 cm. The beam experiences beam wandering, characterized by the variance (12), and short-term beam broadening (13) . The shape of the PDT is strongly influenced by the relative values σ bw /a and W ST /a as well as by the Fresnel parameter Ω and the propagation length L (see Fig. 2 ).
An interesting observation concerns the shape of the obtained PDTs. For the case of 3-km propagation the PDT resembles the log-normal distribution and thus shows a behavior typical for the case of saturated fluctuations (cf. the dash-dotted line in Fig. 2 ). The beam wandering in this case plays a minor role and the beam broadening is the main source of transmission losses.
The channel characteristics based on the Rytov parameter suggest that the optical turbulence is rather weak. On the other hand, the optical turbulence for the 1-km link is moderate and has a larger Rytov parameter due to the stronger local turbulent fluctuations of the refractive index. The PDT for the 1-km link resembles the smoothed log-negative Weibull distribution, which shows that beam wandering and beam broadening contribute to fluctuating losses in the channel (cf. the solid line in Fig. 2 ). This behavior suggests that the pronounced beam-wandering effect is typical for short propagation lengths and stronger refractive-index fluctuations given by the value of the C 2 n parameter. The growth of the turbulence strength leads to the increase of the size of the largest possible turbulent inhomogeneities and hence to the increase of the probability for the beam to be deflected as a whole, i.e., to the increase of beam wandering. The resulting PDT then resembles the lognegative Weibull distribution (15) . On the other hand, the growth of the propagation length enhances the beam broadening due to the cumulative contribution of each propagation segment to the diffraction-induced broadening. As a consequence, for the sufficiently large broadening the beam-wandering effect diminishes and the resulting PDT resembles the truncated log-normal distribution (8) . Therefore, the shape of the PDT is influenced by the interplay of various factors and cannot be estimated by considering only the strength of optical turbulence given by σ 2 R . In Fig. 3 the PDTs are shown for the regimes of weak to moderate and moderate optical turbulence strength. The optical beam propagates through atmospheric quantum channels of different length and for a fixed refractive index structure constant C . The beam and the receiver aperture parameters are considered to be the same as in Fig. 2 . With the increase of the propagation distance and, consequently, with the increase of the Rytov parameter (40) , the shape of the PDT changes from a distribution similar to the log-negative Weibull distribution to the log-normal form. Note that the transmission statistics changes quickly with an increase of the Rytov parameter, due to increasing propagation distance.
VI. BEAM TRACKING
The goal of a tracking procedure is to increase the signal-to-noise ratio of the signal transmitted through the atmosphere by mitigating the noise due to beam wandering [65] . The common tracking system involves a position-sensitive sensor on the transmitter site, which detects the position variations of a reference beam (beacon) sent by the receiver. This sensor controls a faststeering mirror that adjusts the source, aiming at its alignment with the receiver aperture center (cf., e.g., Ref. [10, 20, 66] ). The partial or complete mitigation of beam wandering results in the modification of the PDT that describes the atmospheric channel. In this section we derive the PDT for beam-tracking scenarios.
The separation of the beam-wandering contribution from those induced by beam shape distortions in Eq. (16) allows us to obtain the PDT in the case when the beamtracking procedure is applied. The beam tracking is aimed to minimize the beam deflection distance r 0 by continuous tracking of the instantaneous position of the beam centroid and by the proper adjustment of the beam centroid relative to the aperture center. This adjustment is performed by shifting a fast steering mirror that targets the signal beam. Effectively this procedure results in a decrease of the variance σ 2 bw defined in Eq. (12) . We also note that the following consideration is applicable also to situations when an additional beam jitter is present due to mechanical vibrations at the transmitter and/or receiver cites [67] . In this case the variance of distribution (11) includes contributions both from atmospheric beam wandering and from the vibrational jitter.
Let us define the beam-wandering variance after application of the tracking procedure as
where σ In the case of perfect beam tracking ∆ 2 = 0, the distribution function (11) reduces to a Dirac δ function. Performing the integration in Eq. (16) in this limiting case, one obtains
Therefore, for a perfect-tracking scenario the PDT coincides with the conditional probability (17) with r 0 =0. In view of our approximation (17) , this means that the situation with perfect beam tracking is described by the truncated log-normal distribution (8) . We also note that Eq. (42) is satisfied for very long propagation lengths since in this case the effect of beam wandering is not pronounced [68, 69] . For the imperfect beam tracking, the PDT is obtained from Eqs. (16) and (17) as
To evaluate the integral we use polar coordinates and perform the integration over the angular coordinate. Here P(η; µ r0 , σ r0 ) is the truncated log-normal distribution (8) .
For the quantitative analysis of beam tracking we use the corresponding exceedance function F (tr) (η),
where P (tr) (η) is given by Eq. (43) . Since many adaptive quantum protocols use the postselection of transmission events with large values of η (cf. Ref. [35] ), the exceedance characterizes the feasibility of such detection procedures based on beam tracking. The explicit expression for F (tr) (η) is given in Appendix C. We finally illustrate the application of a beam-tracking procedure in combination with postselection strategies for the preservation of nonclassical properties of transmitted quantum states of light. Figure 5 shows the transmitted value of squeezing for an initial squeezing of −2.4 dB. The implemented postselection procedure selects the transmission events with transmittance values greater than the postselection threshold η min [3, 36] . The application of the beam-tracking procedure in general improves the detected squeezing, which is especially evident in Fig. 5 for small values of the postselection threshold. This happens due to the larger signal-to noise ratio for the tracked beams in comparison to non tracked signal detection. With the increase of η min the value of the detected squeezing for tracked and non tracked beams is similar. Indeed, if η min approaches the maximal possible transmittance values, the postselection procedure selects the transmission events when the beam centroid coincides or lies in the vicinity of the aperture center. As a consequence, the postselection with large values of η min automatically restricts the detection to events with negligible beam wandering. In general, the applied beam-tracking procedure increases the feasibility or detection probability of squeezing in comparison to the non tracking case [cf. Fig. 4 (b) ]. 
VII. DECOY-STATE QUANTUM COMMUNICATION THROUGH TURBULENT OPTICAL CHANNELS
In practical free-space quantum communication protocols the security analysis of a transmitted key involves the description of the quantum communication channel. The signal losses caused by the propagation in the quantum channel are assigned to possible eavesdropper attacks and hence influence considerably the security of the communication. In the Bennett-Brassard protocol [70] both the channel losses and contributions to the signal state from photon numbers higher than one lead to a security gap [71] . The decoy-state method [72, 73] was introduced in order to mitigate the security loophole connected with the multiphoton contributions of the source, which allowed one to enhance the protocol performance to a level comparable to that with a perfect single-photon source. This scheme is based on the original BennettBrassardprotocol, where one communication party sends the signal together with additional decoy states. The decoy states are used later for the detection of eavesdropping attacks. The rigorous analysis of the protocol security against the photon-number splitting attacks [74, 75] or the Trojan-horse attacks [76] utilizes the knowledge of the transmittance properties of quantum communication channels.
We consider the decoy-state protocol that utilizes an attenuated signal, a weak decoy-state (attenuated coherent quantum state), and the "empty" decoy state (vacuum quantum state) with the mean photon numbers µ s , µ d , and µ v , correspondingly. For the considered protocol the following conditions hold true [75] : µ s <µ d <1 and µ v =0. In Ref. [7] the successful implementation of this protocol was shown for the 144-km atmospheric channel between two Canary Islands. The theoretical analysis of the performance of the decoy-state protocol that utilizes atmospheric quantum channels is given in [15, 31, 77] and the experimental realization is demonstrated in [25] . The transmitter Alice encodes the pulses in a signal and two decoy states and sends them to the receiver Bob. The vacuum decoy state serves for the estimation of the background noise yield. On the other hand, the combination of measurements of weak decoy states and vacuum decoystates allows one to estimate the relevant parameters for the single-photon components, including the yield and quantum-bit error rate (QBER).
After random encoding of bits in the X or Z basis by Alice and Bob's measurements of transmitted bits in a randomly chosen X or Z basis, the parties perform the sifting of the raw key, its error correction and privacy amplification. As a result, Alice and Bob extract a shorter but more secure key. The lower bound for the averaged secure key rate is given by [78] 
where the averaging is performed over the atmospheric transmittance with the corresponding PDT P(η). Here h(x)=−x log 2 x−(1−x) log 2 (1−x) denotes the binary entropy function and f is the inefficiency of error correction. The gain Q µs = M can be estimated from the transmission characteristics of the signal and the weak decoy state as described in Ref. [78] , with the lower bound given by
Finally, e ph 1 in Eq. (45) denotes the phase error rate, whose upper bound for finite key length can be estimated as described in Ref. [79] .
For the signal or decoy states transmitted through the atmospheric quantum channel the gain and QBER values can be written as (47) and
respectively. Here η is the fluctuating transmittance of the turbulent atmosphere and η d is the transmittance affected by deterministic losses, such as losses in key generation and detection modules, atmospheric absorption, etc. We use the following values for parameters in Eqs. (47) and (48): the zero-photon yield Y 0 = 1.7×10 −6 , the misalignment error rate, e det =0.01, the inefficiency of error correction, f = 1.2, and the mean photon numbers of the signal and the weak decoy field are µ s =0.27 and µ d =0.39, respectively.
In order to illustrate the applicability of the present approach for the simulation of atmospheric communication links, we calculate the averaged secure key rate (45) as a function of mean channel losses. We consider atmospheric channels of different lengths but characterized by the same refractive index structure constant, C
. The statistics of the particular channel are derived by repeating the transmission simulation, governed by the corresponding PDT in Eq. (16), 10000 times for every propagation length. For every simulated value of the transmittance η, the gain (47) and QBER (48) functions are calculated and substituted into Eq. (45) . Finally, the average value of the secure key rate is then calculated. Figure 6 shows the results of the simulations for the two-decoy state protocols operating at λ=800 nm. The length of the raw key is assumed to be sufficiently large, such that the phase error rate is approximately equal to the QBER, i.e., e ph 1 ≈E µs (see Ref. [79] ). Figure 6 shows that the averaged secure rate decreases with the increase of the propagation length and hence of the mean losses. Around 45 dB of mean losses, the se-cure key rate degrades significantly and the secure communication using the two-decoy state protocols becomes impossible. This corresponds to 8.25-km propagation distance for the considered atmospheric and beam parameters. Figure 6 compares the average secure key rate for the cases with (dashed line) and without (solid line) beam tracking. To clarify the comparison the relative improvement
i.e., the characteristics of how the beam-tracking procedure improves the security of the decoy-state protocol, is shown in the inset of Fig. 6 . Here R(∆) is the average key rate (45) for the protocol with beam tracking which is calculated by using the corresponding PDT given by Eq. (43) . Under the particular atmospheric and propagation conditions, the beam-tracking procedure improves the security for short propagation distances (low mean losses). For large mean losses, the transmission losses due to beam broadening dominate the beam-wandering effect and hence the tracking procedure has minor influence in the region of large mean losses. This dependence can be explained by the observation that for large-L values the beam-wandering variance saturates [69] and hence the compensation of beam wandering does not significantly improve the channel transmission.
VIII. SUMMARY AND CONCLUSIONS
We introduced a technique for deriving the probability distribution for the atmospheric transmittance based on the idea to separate the contributions of beam wandering from those of beam-spot distortions. This technique is based on the law of total probability. We show that the probability distribution for the channel transmittance depends on classical optical field-correlation functions of second and fourth order. The advantage of the present method is that the first two moments of the probability distributions, i.e., the mean channel transmittance and the mean-square transmittance, coincide automatically with those which are calculated from first principles. This important property allows one to describe atmospheric quantum channels also in situations when the elliptic-beam approximation [19] does not apply and other proper methods do not exist, e.g. for very long propagation distances. However, the main limitation of the present approach is the computational complexity of fourth-order field-correlation functions, for general turbulence conditions. To overcome this problem, we have used the approximation of weak beam wandering. The latter does not require knowledge of the whole fourthorder field-correlation function, but only two related integral quantities, the mean-squared transmittance and the beam-wandering variance.
The separation of beam-wandering from beamdistortion contributions allows one to incorporate the description of atmospheric quantum channels for propagation scenarios with the often applied beam-tracking technique. Beam tracking mitigates losses due to beamwandering and hence it helps to preserve quantum properties of the transmitted light. Further improvement of the quantum-channel performance could be achieved by combining beam tracking with the postselection procedures, where the transmission events characterized by larger values of the transmittance are preferably used. We have derived the corresponding exceedance function that serves for the characterization of such postselection strategies with beam tracking.
Finally, we have analyzed the security of decoy-state quantum key distribution protocols in atmospheric channels with strong turbulence. We have found that the mitigation of turbulence-induced beam wandering improves the secure key rate for channels with small mean losses or short propagation lengths. However, in the region of large mean losses or long propagation distances the beam tracking has minor influence on the secure key rate. The degradation of the security of the protocol occurs for the same level of mean losses for protocols with and without the beam-tracking procedure. Hence, we conclude that the beam tracking does not always improve quantum communication.
The scale and shape parameters of the approximation (28) 
Here I n (x) is the modified Bessel function of nth order.
Appendix B: Evaluation of the PDT
In this appendix we outline the procedure of the numerical evaluation of the PDT (16) . This procedure involves the following steps. (iii) The PDT can be estimated from the simulated values of [µ r0 ] i as
where P(η; µ, σ) is the truncated log-normal distribution given by Eq. (8).
(iv) The mean value of any physical quantity that is a function of the transmittance can be estimated as
where f (η) i is obtained from the log-normal distribution with parameters [µ r0 ] i , σ r0 .
If the partial beam tracking procedure is applied, the evaluation of the PDT is performed with the replacement σ 2 bw → ∆ 2 [cf. Eq. (41)].
Appendix C: Beam-tracking exceedance
In this Appendix we give the explicit expression for the exceedance functions under the condition that beam tracking is performed. Inserting Eq. (43) into Eq. (44) and performing the integration over η yields 
Equation (C1) can be alternatively written as 
